Fourier Analysis



FOURIER SERIES

« Usually, a signal is described as a function of
time .

* There are some amazing advantages Iif a signal
can be expressed In the frequency domain.

« Fourier transform analysis Is named after Jean
Baptiste Joseph Fourier (1768-1830).



« A Fourier series (FS) Is used for
representing a continuous-time periodic

signal as weighted superposition of
sinusoids.

e Periodic Signals A continuous-time signal
IS sald to be periodic If there exists a
positive constant such that

X(t) =x(t+T,)
where T, Is the period of the signal.
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o Example: Periodic and aperiodic signal
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A sum of sines and cosines

sin(x)
3sin) A M
+ 1 sin(3x) B~ NN /V\/\/\/\ A+B
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Existence of the Fourier Series

Existence LTO‘ (1) dt <o

Convergence for all t () <o Vi

Finite number of maxima and minima in one
period of f(t)

These are known as the Dirichlet conditions



Fourier Series

* General representation f (@)

of a periodic signal

e Fourier series
coefficients

e Polar Form of Fourier
series

= a, + i a, cos(nw,t)+b, sin(nm,t)
=
a, —%OT f (t)dt
a, = %:OTO f (t)cos(ne,t )dt
b, = T—ZOOT £ (t)sin(neogt)dt

f(t)=c,+ icn cos(nwyt +6.)

n=1

where ¢, =a,,C, =+/a’ +b*,and

0, = tan{_bf‘]
an




« {xn}are called the Fourier series coefficients of the signal
X(t).
 The quantity f, L s called the fundamental frequency

- To
of the signal x(t)

* The Fourier series expansion can be expressed in terms of
angular frequency w, = 24f, by

Wy a+2n | ay

= x(t)e "' dt
27T Ja

X

and

X(t) =D x,e’
N=-—00
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» Discrete spectrum - We may write x, =[x, [, where

| X, |gives the magnitude of the nth harmonic and £x,
gives its phase.
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Figure 2.1 The discrete spectrum
of x(z).



o Example: Let x(t) denote the periodic signal depicted in
Figure 2.2

x()

— T - — T| - — T -

p
2 Figure 2.2 Periodic signal x(¢).

where

TI(t) =

o Nk
—
1B
|

otherwise.

Is a rectangular pulse. Determine the Fourier series expansion for this signal.



Solution: We first observe that the period of the signal is To

and o
1 (12 S
=[x
1 /2 _anj

11



Therefore, we have
o0 n J 27711
x(t)= > Tsmc(fje T
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Figure 2.3 The discrete spectrum of the

rectangular pulse train.
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Example #1

f(t) f(t)=a,+ > a,cos(2nt)+b, sin(2nt)
n=1
' g-t/2 1 er -1 2( %
a,=—|[ e 2dt=—=|e ? ~1|~0.504
. | 7T *9 T
» 1o p 5 . 5
. a, = —j e 2 cos(2nt)dt = 0.504( 2)
e Fundamental period T 1+16n
— ot
To=P b, :EL e 2sin(2nt)dt = 0.504( on 2)
 Fundamental frequency 4 | | 1+16n
f,= 1/T, = 1/p Hz a, and b, decreasein amplitudeas n — oo.

Wy = 2p/T, =2 rad/s

2

f(t)= 0.504{1+i

> Trion (cos(2nt )+ 4n sin(2nt))}



Example #2

e Fundamental period
Tp=2

e Fundamental frequency
fy,=1/T,=1/2Hz
Wy = 2p/T, = prad/s

f(t)=a, +§:an cos(z nt)+b, sin(z nt)

n=1
a, =0 (byinspection of the plot)

a, =0 (becauseit is odd symmetric)
1/2

b, _2 jzAtsin(nnt) dt +
T 112
3/2

2 j(zA-zAt)sin(nnt) dt
T 49

e

0 niseven
b, =3 = n=15913,...
Nz
— 82A2 n=371115,...
. Nz



Example #3

f(t)
1

-2p -p -p/2 p/2 I|o 2'p

« Fundamental period C, :%
To=2P 0 neven
* Fundamental frequency Co=12 1 odd
n

f,= 1/T, = 1/2pHz

T
W, = 2p/T, = 1 rad/s 0 _{ 0 foralln=371115,...

-7 n=371115,...



Table 1: Properties of the Continuous-Time Fourier Series

% 3
rit) = Z Y Sl E agel /T
b= b= -
! = Jkanl I = jkiIx T
A== | o(t)e ™"t = = [ r(t)e™ it
Iy I Jy
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Clonjugate Symmetry
for Real Signnls

Real and Even Sig-
tals

Real amd Culd Signals

Even-Cidd Decompo-
sition of Real Signals

x(t) real

x(t) real and even

rl) real and odid

{

re(t) = Ev{x(t)}  [w(t) real]
ro(t) = Od{x(t)} [z(t) real

O =8_5

Relap) = Relay )
Smiag} = =3mfa_,}
e = |a—|

G =~y

i

ap real and even

ag purely imaginary and odd

Refa}
J3mia}

Parseval’s Relation for Periodic Signals

ﬂ,:—“ j; ]J'{F}Ffﬂ =

+x
2

b =



